Abstract. Two financial structures are equivalent if, for each given state price, the images of their full payoff matrices of these financial structures are equal. The main consequence of this definition is that, regardless of the standard exchange economy Σ, the existence of a financial equilibrium in an exchange economy Σ associated with a financial structure F is equivalent to the existence of an equilibrium in Σ associated with any other financial structure F belonging to the equivalence class of F. The main contribution of the paper is to provide a necessary and sufficient condition of equivalence in a multi-period economy if all assets are short-term.
Introduction
We consider a stochastic financial exchange economy with a finite date-event tree representing time and uncertainty and a financial structure with a finite number of assets.
We say that two financial structures are equivalent if, for each given state price, the images of their full payoff matrices are equal. The intuition behind this definition is that the financial structures allow agents to transfer wealth across nodes of the date-event tree. Thereby two equivalent financial structures offer the same opportunities to the agents. The main consequence of this definition is that, regardless of the standard exchange economy Σ, the existence of equilibrium in an exchange economy Σ associated with a financial structure F is equivalent to the existence of equilibrium in Σ associated with any other financial structure F belonging to the equivalence class of F. In this case, the equilibrium consumption and the equilibrium spot price are the same.
The equivalence relation has been studied, among others, by Aouani-Cornet and Cornet-Ranjan [2, 4] in the two-period case. The purpose of this paper is to extend their result to a multi-period financial structure with short-term assets, which deliver non-zero payoffs only at the successors of their issuance node. Precisely, we prove that two financial structures with short term assets are equivalent if and only if the images of the payoff matrices are equal.
Note that the result is no more true with long-term assets where the equality of the images of payoff matrices is neither a sufficient condition nor a sufficient one. This is illustrated in examples in [3] (see Remarks 4.1 and 4.2).
Financial exchange economy and equilibrium
In this section, we present the model and the notations, which are borrowed from Angeloni-Cornet [1] and are essentially the same as those of Magill-Quinzii [5] .
Time and uncertainty
We 1 consider a multi-period exchange economy with (T + 1) dates, t ∈ T := {0, ..., T }, and a finite set of agents I. The uncertainty is described by a date-event tree D of length T + 1. The set D t is the set of nodes (also called date-events) that could occur at date t and the family (D t ) t∈T defines a partition of the set D; for each ξ ∈ D, we denote by t(ξ) the unique date t ∈ T such that ξ ∈ D t . At date t = 0, there is a unique node ξ 0 , that is D 0 = {ξ 0 }. As D is a tree, each node ξ in D \ {ξ 0 } has a unique immediate predecessor denoted pr(ξ) or ξ − . The mapping pr maps
by the recursive formula: pr τ (ξ) = pr pr τ −1 (ξ) . We then define the set of successors and the set of predecessors of ξ as follows:
, we shall use the notation ξ > ξ [resp. ξ ≥ ξ]. Note that ξ ∈ D + (ξ) if and only if ξ ∈ D − (ξ ) and similarly ξ ∈ ξ + if and only if ξ = (ξ ) − .
The financial structure
The financial structure is constituted by a finite set of assets denoted J = {1, . . . , J}. An asset j ∈ J is a contract issued at a given and unique node in D denoted ξ(j), called issuance node of j. Each asset is bought or sold only at its issuance node ξ(j) and yields payoffs only at the successor nodes ξ of D + (ξ(j)). To simplify the notation, we consider the payoff of asset j at every node ξ ∈ D and we assume that it is zero if ξ is not a successor of the issuance node ξ(j). The payoff may depend upon the spot price vector 2 p ∈ R L and is denoted by V j ξ (p). Formally, we assume that
). An asset is a short term asset if it has a non-zero payoff only at the immediate successors of the issuance node, that is,
In the following, we consider only non trivial assets, that is assets having a non zero return in at least one node.
, then |z j | is the quantity of asset j bought [resp. sold] at the issuance node ξ (j).
To summarize a financial structure F = J , (ξ (j)) j∈J , V consists of:
(1) a set of non trivial assets J , 1 We use the following notations. A (D × J )-matrix A is an element of R D×J , with entries (a j ξ ) (ξ∈D,j∈J ) ; we denote by A ξ ∈ R J the ξ-th row of A and by A j ∈ R D the j-th column of A. We recall that the transpose of A is the unique (J × D)-matrix t A satisfying (Ax)
• J ] denotes the usual inner product in R D [resp. R J ]. We denote by rankA the rank of the matrix A and by im (A) the range of the matrix A, that is the linear sub-space spanned by the column vectors of A. For every subsetD ⊂ D andJ ⊂ J , the matrix AJD is the (D ×J )-sub-matrix of A with entries a j ξ for every (ξ, j) ∈ (D ×J ). Let x, y be in R n ; x ≥ y (resp. x y ) means x h ≥ y h (resp. x h > y h ) for every h = 1, . . . , n and we let R n + = {x ∈ R n : x ≥ 0}, R n ++ = {x ∈ R n : x 0}. We also use the notation x > y if x ≥ y and x = y. 2 L = H × D where H is a finite set of divisible and physical goods exchanged at each node ξ ∈ D.
(2) a payoff mapping V :
and satisfies the condition
The price of asset j is denoted by q j ; it is paid at its issuance node ξ(j). We let q = (q j ) j∈J ∈ R J be the asset price vector.
The full payoff matrix W (p, q) is the (D × J )-matrix with the following entries:
where δ ξ,ξ = 1 if ξ = ξ and δ ξ,ξ = 0 otherwise. So, given the prices (p, q), the full flow of returns for a given portfolio z ∈ R J is W (p, q) z and the full return at node ξ is
We now recall that for a given spot price p, the asset price q is an arbitrage free price if it does not exist a portfolio z ∈ R J such that W (p, q)z > 0. q is an arbitrage free price if and only if it exists a so-called state
. Taken into account the particular structure of the matrix W (p, q), this is equivalent to
Some additional notations
For all ξ ∈ D \ D T , J (ξ) is the set of assets issued at the node ξ, that is J (ξ) = {j ∈ J | ξ (j) = ξ}, D e is the set of nodes at which there is the issuance of at least one asset.
If ξ / ∈ D e , J (ξ) = ∅ and, by convention, we let j∈J (ξ) V j (p) = 0 and for all arbitrage free price q we have
The stochastic exchange economy
At each node ξ ∈ D, there is a spot market on which a finite set H = {1, . . . , H} of divisible and physical goods are exchanged. We assume that each good is perishable, that is, its life does not have more than one date. In this model, a commodity is a pair (h, ξ) of a physical good h ∈ H and the node ξ ∈ D at which the good is available. Then the commodity space is R L , where
L the vector of spot prices and p (ξ) = (p (h, ξ)) h∈H ∈ R H is called the spot price at node ξ. The spot price p (h, ξ) is the price at the node ξ for immediate delivery of one unit of the physical good h. Thus the value of a consumption x (ξ) at node ξ ∈ D (measured in unit account of the node ξ) is
We consider a finite set of consumers I = {1, . . . , I}. Each agent i ∈ I has a consumption set X i ⊂ R L , which consists of all possible consumptions. An allocation is an element x ∈ i∈I X i and we denote by x i the consumption of agent i, which is the projection of x on X i .
The tastes of each consumer i ∈ I are represented by a strict preference correspondence P i : j∈I X j −→ X i , where P i (x) defines the set of consumptions that are strictly preferred to x i for agent i, given the consumption x j for the other consumers j = i. P i represents the consumer tastes, but also his behavior with respect to time and uncertainty, especially his impatience and attitude toward risk. If consumer preferences are represented by utility functions u i : X i −→ R for each i ∈ I, the strict preference correspondence is defined by
Finally, for each node ξ ∈ D, every consumer i ∈ I has a node endowment e i (ξ) ∈ R H (contingent on the fact that ξ prevails) and we denote by e i = (e i (ξ)) ξ∈D ∈ R L the endowments for the whole set of nodes. The exchange economy Σ can be summarized by Σ = D, H, I, (X i , P i , e i ) i∈I .
Financial equilibrium
We now consider a financial exchange economy, which is defined as the couple of an exchange economy Σ and a financial structure F. It can thus be summarized by
We now introduce the equilibrium notion:
1. An equilibrium of the financial exchange economy (Σ, F) is a list of strategies and prices
for every i ∈ I, (x i ,z i ) maximizes the preferences P i in the budget set B i F (p,q), in the sense that
: i∈Ix i = i∈I e i and i∈Iz i = 0. We recall that the equilibrium portfolios are arbitrage free under the following Non-Satiation Assumption: Assumption NS (i) For everyx ∈ i∈I X i such that i∈Ix i = i∈I e i , (Non-Saturation at Every Node) for every i ∈ I, for every ξ ∈ D, there exists x i ∈ X i such that, for each ξ = ξ, x i (ξ ) =x i (ξ ) and
is an equilibrium of the economy (Σ, F), then the financial structure F is arbitrage free at (p,q) i.e., there exists a state price λ ∈ R D ++ such that t W F (p,q)λ = 0.
Equivalent financial structures
In this section we will define an equivalence relation on financial structures. We will show that the existence of an equilibrium in an exchange economy associated with a given financial structure is equivalent to the existence of equilibrium in exchange economy associated with any other financial structure equivalent to the first one. So equivalence allows to extend the existence results for financial equilibrium to a whole class of financial structures. Hence the importance of studying the notion of equivalence between the financial structures.
2 ) be two financial structures. We say that F 1 is equivalent to F 2 with respect to p ( we denote by
] is the arbitrage free price of the financial structure F 1 [resp. F 2 ] associated with λ i.e., t W 1 (p, q 1 )λ = 0 [resp. t W 2 (p, q 2 )λ = 0]. We say that F 1 is equivalent to F 2 if for all spot price vector p ∈ R L , we have
The intuition behind this definition is that the financial structures allow agents to transfer wealth across nodes of the date-event tree. Thereby given a spot price p, their budget set is determined by the image of the full payoff matrix. The main consequence of this definition is given below and states that, regardless of the standard exchange economy Σ, consumption equilibria are the same when agents carry out their financial activities through two different equivalence structures F 1 and F 2 with no portfolio constraints. Proposition 2.2. Let Σ be an exchange economy satisfying Assumption NS.
2 ) be two equivalent financial structures with respect to the spot pricep ∈ R L . Let (x,z,p,q 1 ) be an equilibrium of (Σ, F 1 ). Then there existsẑ andq 2 such that (x,ẑ,p,q 2 ) is an equilibrium of (Σ, F 2 ).
Proof. Let (x,z,p,q 1 ) be an equilibrium of (Σ, F 1 ). Since (x,z,p,q 1 ) is an equilibrium and Assumption NS is satisfied,q 1 is an arbitrage free price i.e., there exists a state price λ = (λ ξ ) ξ∈D ∈ R D ++ which satisfies t W 1 (p,q 1 )λ = 0. Letq 2 be the arbitrage free price for the financial structure F 2 associed with λ i.e.,
i . We now show that (x,ẑ,p,q 2 ) is an equilibrium of (Σ, F 2 ). Indeed, let
and if i = 1, as i∈Iz i = 0,
thus for all i ∈ I and ξ ∈ D,
For all i ∈ I,
Let us argue by contradiction. Suppose that there exists i ∈ I and (x i , z i ) such that
and z i =ẑ i , this implies that x i ∈ P i (x) and for all ξ ∈ D,
and this implies that
, this is in contradiction with the fact that x,z,p,q 1 is an equilibrium financial exchange economy (Σ, F 1 ). i∈Ix i = i∈I e i , because (x,z,p,q 1 ) is an equilibrium of (Σ, F 1 ) and i∈Iẑ i = 0 by definition ofẑ i . Hence, x,ẑ,p,q 2 is an equilibrium of a financial exchange economy (Σ, F 2 ).
Equivalence of financial structures with short-term assets
In this section, we state and prove the main result, that is a necessary and sufficient condition for the equivalence of two financial structures consisting of short-term assets. This condition, which is merely the equality of the images of the payoff matrices, extends the well-known result of the two-period case. In [3] , we treat the issue of equivalence of financial structures with long-term assets and we also discuss the case of financial structures with re-trading of assetsà la Magill-Quinzii. But, contrary to the short-term case, we have only sufficient conditions. Proposition 2.3 is a generalization of Proposition 6 of Cornet-Ranjan [4] .
2 ) be two financial structures consisting only of short-term assets. Then
Proof. Let us assume that im
, the set of nodes at which there is the issuance of at least one asset for the financial structure
Indeed let ξ ∈ D e 1 and j ∈ J (ξ). Since there are no trivial assets, there exists Step 2.
Indeed, let λ ∈ R D ++ a given state price and q 1 the associated arbitrage free asset price satisfying
where q 2 is the arbitrage free asset price associated to λ for
Thanks to the structures of the matrices V 1 (p) and V 2 (p), we have
Since the assets are short-term, for every ξ ∈ ξ + , for s = 1, 2,
So, since q 1 and q 2 are arbitrage free prices associated with λ,
The converse inclusion is obtained by the same argument.
Let us now assume that F 1 p F 2 .
Step 3. D 
++ be a state price and let (q 1 , q 2 ) ∈ R J1 × R J2 be the couple of arbitrage free prices such that Step 4. im V 1 (p) = im V 2 (p). Let y ∈ im V 1 (p). There exists z 1 ∈ R J1 such that y = V 1 (p)z 
